The high temperature phase transition between the tetragonal (scheelite) and monoclinic (fergusonite) forms of yttrium tantalite (YTaO 4 ) has been studied using a combination of firstprinciples calculations and a Landau free-energy expansion. Calculations of the Gibbs free energies show that the monoclinic phase is stable at room temperature and transforms to the tetragonal phase at 1430 o C, close to the experimental value of 1426 ± 7 o C. Analysis of the phonon modes as a function of temperature indicate that the transformation is driven by softening of transverse acoustic modes with symmetry E u in the Brillouin zone center rather than the Raman-active B g mode. Landau free energy expansions demonstrate that the transition is second-order and, based on the fitting to experimental and calculated lattice parameters; it is found that the transition is a proper rather than a pseudo-proper type. Together, these findings are consistent with the transition being ferroelastic. 7/30/2014
INTRODUCTION
A number of compounds are now known to undergo a ferroelastic phase transition 1-5 on cooling or in response to an applied stress. They share the characteristics of being second order with a continuous change in the unit cell volume at the transition. Furthermore, group theory analysis indicates that the high and low symmetry phases are connected by an irreducible representation in the Brillouin zone center. In addition, an intriguing feature of materials that can undergo a ferroelastic phase transition is that they are capable of exhibiting toughening if the stress is sufficiently high to trigger the transformation from one variant to another 6, 7 . This occurs, for instance, in yttria-stabilized zirconia [7] [8] [9] [10] . In this oxide material, the high-temperature cubic phase undergoes a ferroelastic transformation to crystallographically equivalent tetragonal variants, which can be switched by an applied stress, dissipating energy and thereby producing toughening. This is believed to be the basis for the unusually high fracture toughness of YSZ thermal barrier coating at elevated temperatures 7 . In the search for other oxides capable of ferroelastic toughening, we have been studying the transformations in YTaO 4 to determine whether it, too, exhibits a ferroelastic phase transition. From in-situ X-ray diffraction experiments, the high symmetry scheelite-YTaO 4 (I 41 /a) is stabilized over monoclinic fergusonite-YTaO 4 (C 2 /c) phase above 1426 ± 7 ℃ . However, the detailed transition mechanism in YTaO 4 system has not been established and this motivates the first-principles calculations presented here.
One of the earliest studies to understand the mechanism underlying ferroelastic phase transitions using first-principles methods was reported by Carpenter and coworkers in the crystalline silica (SiO 2 ) 11 . The tetragonal stishovite (P 42 /mmm) to orthorhombic CaCl 2 type SiO 2 (Pnnm) is rationalized as a prototypical pseudo-proper ferroelastic transition under pressure.
Both experiments and theoretical calculations confirmed that the transition is driven by the softening of the zone-center B 1g optical mode, a Raman-active mode in the tetragonal-stishovite phase. In addition, the coupling between B 1g optical mode and the transverse acoustic modes results in non-linear variations of the elastic constants as a function of pressure. In Refs. [11] [12] [13] [14] , expressions for the Landau free energy expansion for the high symmetry stishovite phase were successfully derived and applied to explain the observed spontaneously macroscopic strains and elastic behaviors. The transformation under pressure of another oxide, the ScVO 4 compound was studied by Panchal et al. 15 by Raman scattering and density-functional perturbation theory (DFPT) calculations. They found that the scheelite (I 41 /a)-to-fergusonite (I 2 /a) phase transition in this oxide was a displacive second-order ferroelastic transition and occurred at 9 GPa. However, the softening of B 1g mode in the scheelite phase, which was assumed to be the driving force for phase transition, was not detected by Raman scattering. There is also evidence that the ferroelastic phase transition can only be triggered by the softening of transverse acoustic modes in the Brillouin zone. For instance, Dove 16 and collaborators found that the ferroelastic transitions in (Na, K)AlSi 3 O 8 and (Sr,Ca)Al 2 Si 2 O 8 feldspar solid solutions as a function of pressure are indeed driven by the vanishing of a combination of transverse acoustic elastic constants and without softening of any optical modes. Furthermore, other ferroelastic phase transitions, such as the temperature induced transitions in Li 2 TiGeO 5 17 and CaCl 2 18 and pressure induced transitions in RuO 2 19 and SnO 2 20 , have been successfully studied by first principles calculations, to get the mechanism of the ferroelastic phase transitions. These studies indicate that the transformation is associated with a softening mode. 
In this orientation, the C 2 rotational axis in the [001] direction of the tetragonal phase is parallel to b direction in monoclinic phase.
In this work, we report the results of tetragonal-to-monoclinic phase transition in YTaO 4 by combining the theoretical calculations with the high temperature X-ray diffraction measurements. The Landau free energy expansion for the tetragonal scheelite-YTaO 4 has been derived assuming, initially, that it undergoes pseudo-proper transformation and the corresponding spontaneously macroscopic strains were obtained. Using the DFPT, the phonon spectra and the soft-modes were discussed. Our results indicate that the phase transition in YTaO 4 system is driven by the softening of transverse acoustic modes and that the transformation is a proper type, rather than pseudo-proper type initially assumed.
LANDAU FREE-ENERGY EXPANSION
In Landau theory, a second-order phase transition is described using group-theory, in which the excess free energy of the crystals is expanded as a function of order parameter, Q, near the transition temperature. The order parameter is zero in the high symmetry phase, and increases as this symmetry is progressively "broken" in the low symmetry phase. For a temperaturedependent phase transition, the order parameter is set as unity at absolute zero. The Landau free energy, G', is the difference in free energy between the low symmetry phase, G, and the high symmetry phase, G o , 21 . In ferroelastic crystals, the transformation introduces lattice distortions, which can be described using spontaneous strains. The elastic energy G e can be directly related to the changes in the lattice parameters, which are measureable. Furthermore in a pseudo-proper transformation, the spontaneous strains do not coincide with the order parameter, instead, they interacts through coupling coefficient λ 22 and contribute to the coupling free energy G c .
Therefore, the Landau free energy can be written as the sum of the three energies [23] [24] [25] [26] : The standard Landau expansion G Q is limited to 4 th order, where a` and b` are coefficients in the series expansion. The elastic energy G e is calculated from the strains and the elastic constants. The coupling energy G c is limited to the 2 nd order and since the symmetrybreaking strain are directly proportional to the order parameter, the sum of their exponents should also follow Landau's expansion (only two are used here). Thus, the coupling between the order parameter Q and spontaneous strains e can be categorized into symmetry-breaking strain (subscript s) and non-symmetry breaking strain (subscript ns) with bilinear and linear-quadratic couplings with the order parameter, respectively. Note that for the high symmetry phase, all the spontaneous strains and the Q vanish and the Landau free energy is simply zero.
To expand the above equation for YTaO 4 , the relation between the tetragonal and the monoclinic lattice parameters must be formulated using an irreducible representation and then the spontaneous strains can be derived. The crystal symmetries of the high-temperature tetragonal and low temperature monoclinic phases of YTaO 4 are reported to be (I 41 /a) and (C 2 /c) respectively [27] [28] [29] . In this transformation, the spontaneous strains can be expressed in terms of the lattice parameters of both the monoclinic and tetragonal phases using the following 30
Analysis of the possible lattice correspondences between these structures using the group theory ISOTROPY code [http://stokes.byu.edu/iso/isotropy.php] indicate that they can be expressed in terms of symmetry-breaking strain based on the B 1g symmetry in the Brillioun zone.
The symmetry-breaking strains are e xx -e yy and e xy (or e 1 -e 2 and e 6 in the Voigt notation) relative to the high-temperature tetragonal phase. They can be defined in terms of the crystallographic coordinates relative to a Cartesian coordinate system for the monoclinic to tetragonal phase transition shown in Fig. 2 . These two strains are the symmetry adaptive strains which determine the low symmetry phase completely. The non-symmetry-breaking strains anticipated for the phase transition are e 1 +e 2 and e 3 with A 1g symmetry in BZ center. Note that the transformation does not depend on the volume strain e 1 +e 2 +e 3 .
From these considerations, Eq. 2a-2d can be expressed as follow:
The normal elastic constants involved in the phase transitions are given for monoclinic phase as ܿ ଵଵ , ܿ ଵଶ , ܿ ଵଷ , ܿ ଷଷ and ܿ
. Exact relationships between the strains and Q can be calculated by invoking equilibrium, i.e., the first derivative of the Landau free energy with respect to both the order parameter and spontaneous strains (e 1 -e 2 , e 1 +e 2 , and e 6 ) are zero:
They are found to be:
Later, using strains, defined in equations (3), and calculated from the first principles lattice parameters together with the computed elastic constants (Table 2) , the coupling coefficients,λ 1 , λ 2 , λ 3 and λ 4 , were obtained by solving equations (6) - (9) .
In turn, the renormalized Landau excess free energy for the monoclinic YTaO 4 phase can be written as
with the renormalized transition temperature ܶ * and coefficient ܾ * being
Consequently, the temperature dependence of the order parameter will be given by
This has the familiar form of a second order, mean-field transition, with the order parameter dependent of the square root of reduced temperature. However, unlike the tetragonal-toorthorhombic ferroelastic phase transition in SiO 2 system 14 , for instance, the transition in the YTaO 4 system involves an additional dependence on the symmetry-breaking strain e 6 .
Specifically, the renormalized transition temperature, equation 10, is dependent on e 6 , whereas the constant ܾ * is not.
CALCULATIONAL METHODS

A. Computational Details
The first principles calculations were based on the density functional theory (DFT) as optimized method was adopted to obtain the equilibrium crystal structures 32 . The calculations were continued until the total energy changes converged to less than 1.0 × 10 -6 eV and the Hellman-Feynman forces acting on distinct atoms converged to less than 0.05 eV/Å.
As part of the calculations we also calculated the ionic and covalent components of the individual bonds based on Mulliken's population analysis 33 . The Mulliken's charge Q m (A) of atom A and the overlap population n m (AB) for A-B bond are defined in the usual way as follows:
where P µν (k) and S µν (k) are the density matrix and the overlap matrix, respectively. W k is the weight associated with the calculated k points in Brillouin zone. The magnitude and sign of Q m (A) characterizes the iconicity of atom A in the crystal, and n m (AB) can be used to measure the covalent bonding strength approximately.
Since we are interested in the transformation at finite temperatures and constant pressure, the quasi-harmonic approximation (QHA) method 34 was used throughout to calculate the thermodynamic properties of the compounds at finite temperatures 35, 36 . These were computed using the GIBBS code with the thermal properties of solids at constant volume calculated in the QHA from their phonon density of states as a function of frequencies. The phonon contribution to the Helmholtz free energy F ph is given by
where q and v are the wave vector and band index, respectively, ω q, v is the phonon frequency at q and v, and T is the absolutely temperature. k B and h are the Boltzmann constant and the reduced Planck constant, respectively. The heat capacity C V and the entropy S at constant volume are given by
To compare with experiments, the thermal properties need to be known at constant pressure. These were calculated from the Gibbs free energy G and the F ph using the relationship
where V and P are the volume and pressure, respectively, and U(V) is the total energy, including electronic contributions, at constant volume. The Gibbs free energies at finite temperatures were obtained as the minimum values of the thermodynamic functions, and the corresponding equilibrium volumes and isothermal bulk moduli were obtained simultaneously from the equation of states of the YTaO 4 phases. The unit cells used to calculate U(V) and F ph (T;V) were relaxed by the first-principles calculations under the hydrostatic-stress conditions. Furthermore, to determine the equilibrium-volume of the unit cells at different temperatures, we employed the Birch-Murnaghan equation of state 37 to relate the free energy and volume of the tetragonal and monoclinic phases computed at specific volumes and temperatures:
where E(V) is the internal energy, V 0 is the reference volume, V is the deformed volume, B 0 is the bulk modulus, and B 0` is the derivative of the bulk modulus with respect to pressure. In this work, the calculated bulk modulus of monoclinic and tetragonal phase is 183.7 GPa and 128. 
B. Phonon Calculations
The phonon spectra of both YTaO 4 phases were calculated using the standard (density functional perturbation theory (DFPT) method also implemented in the (Cambridge Serial Total Energy Package) CASTEP code [38] [39] [40] . In calculating the phonon dispersion relations and the phonon density of states, a number of approximations were made. First, it was assumed that the mean equilibrium position of each ion is taken to be the positions calculated from the ab-initio calculations at 0 K. Second, it was assumed that the atomic displacements are small compared to the interatomic distances. This leads to a harmonic approximation which is sufficiently accurate to describe most of the lattice dynamical effects of interest. However, further refinement, in the form of anharmonic theory, is required to describe the physical properties at elevated temperatures. The properties of phonons were described using a harmonic approximation based on the knowledge of just the wavevectors and the frequenciesω ω ω ω (q) and polarization vectors u k (q) of phonons with wave vectors q are determined by the diagonalization of the dynamical matrix 41 :
which satisfies the eigenvalue equation
Here an infinite crystal is divided up into primitive cells (labeled by l) each containing r atoms (labeled by k) with ionic mass m k . The real space interatomic force constants ఈ ఉ ሺ0 ݈ሻ include ionic and electronic contributions, so
The ionic contribution is calculated from the Ewald sums and the electronic contribution can be expressed as
where ߩሺ‫ܚ‬ሻ is the electron density, V ion (r) is the ionic potential, and ∂ߩሺ‫ܚ‬ሻ/߲‫ݑ‬ ఈ ሺ0ሻ represents the density response of the system to a displacement of the k atom in the reference cell (l = 0) along the α direction 41 . This linear electron-density response is applied self-consistently in DFPT.
The partial (or projected) phonon density of states was determined as a contribution from the given atom to the total phonon DOS. The contribution to the partial density of state on atom i, from each phonon band N i (E), was evaluated using:
where g j is the eigenvector (normalized to unit length) associated with the mode of energy E j .
The projected density of states was then obtained by summation of these individual contributions over all phonon bands.
A. Free Energies
The Gibbs free energies calculated at constant pressure for the two YTaO 4 phases are shown as a function of temperature in Fig.4 (a) . The transition temperature, determined by the intersection point of the two curves, was found to be 1430
℃ .
This is in excellent agreement with the recent in-situ measurement of the transition temperature by high temperature powder Xray diffraction (1426 ± 7℃) 42 . The crystal structures and atomic positions of the two YTaO 4 polymorphs were also obtained at different temperatures using the same method. The structural parameters determined at room temperature and 1475 ℃ for monoclinic and tetragonal phases are given in Table. 1 
B. Elastic constants
The calculated values of the thirteen independent elastic constants are shown in Table 2 and these values were used to calculate the excess Gibbs free energy in Landau theory as described in the following section. Examination of the elastic constants ( 
C. Landau free energy parameters
The macroscopic spontaneous strains were calculated using Eq. (1) based on the experimentally measured lattice parameters. The strains are shown in Fig. 6 indicating that the Table 3 ). The results are shown in Fig. 6 (b) . Furthermore, the square of the order parameter, Q 2 , calculated using equation 12, increases linearly with temperature below T c and is above the transition temperature.
D. Phonon Spectra
At the lattice level, a ferroelastic transformation can be driven by the softening of either optical or acoustic modes lying in the Brillouin zone. The calculated phonon dispersion curves and the vibrational density of states of the tetragonal and monoclinic phase are shown in Fig. 7 for their ground states. Neither of the crystal structures in their reference state exhibits a soft mode for any wave vector. They are thus both stable structures, dynamically as well as energetically, in their reference states. On cooling below the transition temperature, however, soft modes appear in the phonon dispersion curves of the tetragonal phase. These are shown in Fig. 8 for three different temperatures below the transition temperature. Comparison of the phonon spectra near the transition temperature show that the tetragonal-to-monoclinic phase transition is caused by the softening of the two transverse acoustic modes in the zone center.
These are shown in greater detail in Fig. 9 (a) at the transformation temperature and three lower temperatures for comparison. The vibration pattern is illustrated in Fig. 9 (b) In general, a good agreement is found between calculated Raman frequency and experimentally measured spectra for the monoclinic phase ( Fig 10 and Table 4 ) 45 . Similar agreement has been reported for the cubic-tetragonal-monoclinic phase transition in ScVO 4 15 .
During the tetragonal to monoclinic transition, each E g mode splits into two B g modes.
Moreover, the A g and B g modes in the high symmetry, tetragonal phase are predicted to convert to other modes with A g symmetry in the monoclinic phase. Our observations, up to 1000 o C,
show that peaks associated with the two B g modes of monoclinic phase approach one another but the thermal background above that temperature prevented us from making unambiguous peak identifications. Therefore, the softening in the B g mode could not be conclusively verified.
E. Bond population in phase transition
The 
DISCUSSION
Our calculations demonstrate that the transition between the high-temperature tetragonal phase of YTaO 4 and the lower temperature, monoclinic polymorph is consistent with the transition being a second-order, ferroelastic transition and that the underlying mechanism is associated with phonon softening. The predicted lattice parameters and transformation temperature, as well as the temperature dependence of the symmetry-breaking strains, are all in good agreement with recent measurements providing confidence in the accuracy of the other predictions, such as the identity of the soft modes, the Raman spectra and the elastic constants, Consistent with previous studies of ferroelasticity 11, 14, 23, 26 , we started by assuming that the appropriate form for the Landau free energy was that for a pseudo-proper transformation, as compensate the redundant representation of symmetry breaking strains by allowing the associated coupling parameters to be very small. We conclude that the transformation is a proper type, rather than pseudo-proper. This conclusion is also in agreement with the phase transition occurring in both LaNbO 4 at 770 K 46 and DyVO 4 47 where the transformation from 4/m to 2/m is characterized as proper ferroelastic 21 . This is also consistent with our finding that the temperature dependent order parameter can be represented in terms of the spontaneous breaking strains 42 .
The computed bond lengths also provide some insight into the structural changes One of our findings is that the transformation is associated with a soft acoustic mode at the BZ Ta ion in the B-site, than with YNbO 4 . These differences cannot be explained in terms of ionic radii since the radius of Nb 5+ and Ta 5+ are almost identical in the same coordination but we note that tantalum has a higher atomic weight. Further work is clearly needed to establish the reason for these differences in soft-mode behavior.
According to group theory the ferroelastic phase transition results in the formation of two equivalent variants of equal free energy. This can be seen from equation 7 and 9, where the sign of symmetry-breaking strains e 1 -e 2 and e 6 change sign when the order parameter changes sign.
The schematic diagram of the transitions along with the order parameter is shown in Fig. 12 . In the parent tetragonal phase, the basal plane separation are equal in length (i.e., a and b) and the closed-packed oxygen planes are also equal in both the a or b directions. The first variant orientation occurs in response to the strains e 1 and -e 2 acting along the a and b-axis of tetragonal, respectively, and the shear strain acting around the -c axis. After the transformation, the tetragonal b-axis becomes the c-axis in the monoclinic and the resulting monoclinic structure has closed packed oxygen plane perpendicular to the tetragonal b-axis. The orientation of the second variant emerges when the strains e , -e 2 , and e 6 operate in the opposite direction, i.e., along b and a axes, and around c axis of tetragonal, respectively, as illustrated in Fig 12. Thus the tetragonal a-axis becomes the c-axis in the monoclinic and the closed packed oxygen plane in the monoclinic structure is perpendicular to the tetragonal a-axis. In the absence of any structural heterogeneity, both directions are equally favorable and consequently both monoclinic variants should exist at the same volume fraction. Since a and b are at the right angles, these monoclinic variants are consequently should be related by 90º rotation plus an offset determined by strain energy associated by the monoclinic deformation. This rotation can be clearly seen from the difference in the orientation of closed-packed oxygen plane in each monoclinic variant.
Additionally, opposite sides of the basal plane, i.e., c and a, should meet and therefore are strained at the boundary between the variants or domains. This analysis is supported by recent TEM observations of twin boundaries with rotational relation of 95.05º between the domains 42 .
CONCLUSIONS
First-principles calculations show that the tetragonal-to-monoclinic phase transition in 
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